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Abstract

The aeroelastic tailoring consists in setting a specific configuration of laminated composite layup designed

to increase aeroelastic critical speeds with a limited impact on the aircraft mass balance. This paper presents

the development of a code, called GEBTAero, well suited for VFA aeroelastic tailoring and the evaluation of aer-

oelastic tailoring effect on critical speeds. GEBTAero is an open source code consisting in a tightly coupling

between a geometrically exact beam theory (GEBT code [1, 2]) and a finite state induced flow unsteady aerody-

namic model, including an homogenisation tool. This model has been implemented in Fortran using optimised

open source libraries with particular focus on computation speed. Besides a non linear transient dynamic sim-

ulation capacity, a particular focus is put on the fast critical speed computation strategy using a non-iterative

modal approach about the geometrically non linear deformed shape of the wing with the computation of only a

few aeroelastic modes. Computation speed and accuracy of this implementation is assessed using widely used

aeroelastic test cases and compared successfully to other aeroelastic codes. Configurations using aeroelastic

tailoring, which are the core target of this solver, are then evaluated numerically on an anisotropic test case

derived from the Patil wing and a simple 2-ply composite laminates with both variable ply orientations. It il-

lustrates the strong correlation between the structural bending/twisting coupling of an unbalanced composite

laminates and its critical aeroelastic speed. It also shows the high sensitivity of ply orientation on the aeroelastic

behaviour.

Keywords: aeroelasticity, composite materials, reduced order model, aeroelastic tailoring, High Altitude

Pseudo-Satellite, drones,

1. Introduction

The growing efforts made in the fields of solar cells, energy storage and composite materials pave the way

to a new concept of aircraft, namely High Altitude Pseudo Satellite (HAPS). Alongside stratospheric airship, a

particular type of solar powered High Altitude Long Endurance (HALE) fixed wing Unmanned Aerial Vehicles

∗Corresponding author
Email address: bertrand.kirsch@ecole-air.fr (Bertrand Kirsch)

Preprint submitted to Journal of Fluids and Structures 7th October 2019



2

Figure 1: Sketch of some HAPS projects with a comparison against Airbus A320-200 dimensions

(UAV) aims to meet a virtually infinite endurance. Examples of HAPS projects, under progress or discontinued,

are sketched on Fig. 1. To achieve this ambitious goal, because of the low on-board power, aerodynamic and

structural performances are stretched to their limits. It implies, on the aerodynamic side, a high-aspect ratio

wing optimising the lift-to-drag ratio and, on the structural side, a lightweight composite airframe. This results

in a very flexible airframe, particularly vulnerable to destructive fluid/structure interactions like torsional di-

vergence and flutter. Classical solutions designed to push further aeroelastic critical speed mostly rely on the

stiffening of the airframe or the adjustment of mass distribution. Both options are detrimental to mass bal-

ance which is a key feature of HAPS. In that context, alternative solutions should be explored, among these are

aeroelastic tailoring discussed below.

This technology, mentioned for the first time by Munk concerning propeller with optimised wood fibres ori-

entation [3], has moved ahead with the forward-swept wing X-29 research aircraft, prone to torsional divergence

[4]. Aeroelastic tailoring consists in exploiting laminate composite anisotropy by setting a proper layup. For

most applications, a laminate layup presents a mirror symmetry with respect to its middle plane. If we consider

a laminate plate of unidirectional (UD) plies, the layup [-45°, 0°, 45°, 90°, 90°, 45°, 0°, -45°], with angular values

representing fibre orientation in each ply, presents a mirror symmetry [5]. The aim of this type of symmetry is to

dissociate membrane behaviour (inplane loadings imply inplane displacements and vice versa) from bending

behaviour. Another common rule concerning the UD plies orientation is to set balanced layup, namely to put

for instance as many -45° plies as 45° plies [5]. It is meant to avoid coupling between the different bending be-

haviour. The true principle of aeroelastic tailoring is to ignore these rules, thus allowing coupling between the

different behaviours of the laminate. It mainly consists in creating a link between the bending and the warp-

ing of the laminate. On the aerodynamic side, it induces the coupling of the bending due to lift forces and the

twisting of the wing which determines the local angle of attack (AoA). Thus, the aeroelastic tailoring is a way of

establishing a feedback loop on the aeroelastic behaviour of a very flexible aircraft. This phenomenon has been
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specifically studied on the Thin Wall Beam (TWB) composite configuration, for instance in the recent work of

Farsadi et al. [6]. We could also mention studies conducted by Qin and Librescu [7] or Haddadpour and Zamani

[8] concerning the aeroelastic design of a TWB composite wing. A more general review of the ongoing efforts

concerning the aeroelastic tailoring technology can be found in [9].

The difficulty lays on the modelling of this particular behaviour. In fact, different approximations can be

made depending on the motion of the structure relatively to the fluid. In order to quantify this phenomenon,

dimensionless numbers are used. In our case, the degree of fluid/structure coupling is characterised by the

reduced frequency fr = Tf /Ts with Tf the period of fluid motion and Ts the period of structure motion [10].

Because of their low structural frequencies and their low flight speed, solar powered HALE UAV are charac-

terised by a reduced frequency near 1. In fact, it means that both dynamic are tightly linked. Therefore, high

fidelity simulation of this kind of fluid structure/interaction with a finite volume method coupled with a finite

element method leads to a prohibitive computational cost. Consequently, aeroelastic reduced order model are

still widely used, especially for Very Flexible Aircraft (VFA). The large displacement and rotation encountered by

a very flexible wing associated with a low flight speed, make the aeroelastic behaviour all the more difficult to

simulate, because of the induced geometrical non linearities and the fluid motion unsteadiness.

A relevant illustration of the need for an accurate modelling of theses phenomena is the accident of the

Helios UAV which occurred on the 26th June 2003 due to a large deflection and rotation of the wing leading

to an unstable pitch oscillation [11]. To meet this need, several reduced order aeroelastic models have been de-

veloped. For computational efficiency, most of them are based on inviscid, incompressible potential flow theory

coupled with beam or plate theories. We could mention computation code NANSI (Nonlinear-Aerodynamics/

Nonlinear-Structure Interaction) [12] which combines an Unsteady Vortex Lattice Method (UVLM) and a non-

linear beam theory. The UVLM is particularly useful in case of low-aspect-ratio wing or delta wing, because the

method is able to predict 3D effects. Another solution is proposed by Murua in SHARP program (Simulation of

High Aspect Ratio Planes) [13] using UVLM with a displacement based geometrically exact beam theory. Some

models are dedicated to high-aspect-ratio wings like Drela’s program ASWING [14]. This VFA conception tool

combines a nonlinear isotropic beam formulation with an unsteady lifting line theory. More recently, Shearer

and Cesnik have developed a Matlab toolbox called UM/NAST (University of Michigan/ Nonlinear Aeroelastic

Simulation Toolbox) [15] made up of a strain-based geometrically nonlinear beam formulation linked with a

finite state two-dimensional incompressible flow aerodynamic theory proposed by Peters et al. [16]. A sim-

ilar formulation is used by Ribeiro in the Matlab toolbox Aeroflex [17]. One last example is the Matlab toolbox

proposed by Patil and Hodges called NATASHA (Nonlinear Aeroelastic Trim and Stability of HALE Aircraft) [18]

coupling an intrinsic beam formulation with Peters’ theory.

The present paper deals with the development of a code well suited for VFA aeroelastic tailoring and the eval-

uation of aeroelastic tailoring effect on critical speeds. The number of configurations to be studied to optimise

the laminate stacking sequence of an anisotropic wing box requires an extremely low computation cost and
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therefore a very efficient code. For this purpose, the choice for structural computation fell on an open source

tool in Fortran 90/95 named GEBT (Geometrically Exact Beam Theory) developed by Yu and Blair [1] and Wang

and Yu [2]. Since this code does not integrate the aerodynamic forces, the first part deals with the construction

of the tight coupling between the GEBT and the unsteady model of Peter’s. In case of complex cross section

shape or anisotropic composite materials, flexibility matrix is determined using an homogenisation tool con-

sisting in a three-dimensional finite element calculation using periodic boundary conditions (unique element

spanwise) in CalculiX. The second part focuses on the actual calculation of the critical speeds in modal and

temporal domain. A particular focus is put on the fast critical speed computation strategy using a non-iterative

modal approach about the geometrically non linear deformed shape of the wing with the computation of only

a few aeroelastic modes. A Python pre/postprocessor is added to take into account, among others, beam ho-

mogenisation step and critical speed computation, and to permit a smooth integration into a multidisciplinary

optimisation framework like openMDAO. The resulting open source computation code is called “GEBTAero”. In

the third part, computation speed and accuracy of this implementation is assessed using widely used aeroelastic

test cases and compared to other aeroelastic codes. Finally, since no common experimental or numerical test

cases have been found in the literature, the code is used to study aeroelastic tailoring. For this goal, an aniso-

tropic flexible wing test case derived from Patil wing is proposed first. The impact of aeroelastic tailoring is then

investigate on a simple two-ply composite laminates by sweeping both ply orientations (lower ply θ1 and upper

ply θ2).

2. Aeroelastic reduced order model

The high aspect ratio assumption gives us the opportunity of neglecting tridimensional effects and thus us-

ing a strip theory which can be easily linked to a beam formulation. This implementation can be done in two

different ways:

A loose coupling consisting in defining the aerodynamic loads to apply on the beam in accordance with po-

sition and speed parameters extracted from the last structural calculation. This method is easy to implement

and is well suited for modular architecture like, for instance, the wind turbines conception software FAST (Fa-

tigue, Aerodynamics, Structures, and Turbulence) from the National Renewable Energy Laboratory (NREL) [19].

However, it has also drawbacks like the inability of performing coupled eigenvalue analysis or some conver-

gence issues for nonlinear Newton-Raphson algorithms (aerodynamic loads are not taken into account into the

Jacobian matrix). It also implies in our ranges of reduced frequencies a very small time step.

A tight coupling is realised by integrating aerodynamic loads directly into the weak formulation of the beam

theory. This approach is much more complex and less modular but more powerful. Indeed, the most interesting

application is the possibility to determine, for a particular flow velocity, the aeroelastic modes of the wing about

a steady sate, namely frequencies, modal shapes and damping factors. The latter is a key parameter for our study
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because it defines the limit between stable and unstable speed and thereby provides the flutter boundary. For

all these reasons, tight coupling has been chosen for our toolbox.

2.1. Geometrically exact beam theory

Due to aeroelastic tailoring use and airframe flexibility, it is essential to ensure a proper modelling of the

laminate anisotropy and geometrical nonlinearities. For this purpose, the choice fell on an open source tool

named GEBT (Geometrically Exact Beam Theory) [1, 2] designed for composite slender structures under large

deflections and rotations, assuming the strains to be small. This tool coded in Fortran 90/95 implements a mixed

variational formulation based on exact intrinsic equations for dynamics of moving beams developed by Hodges

[20].

The exact intrinsic equations for dynamics are derived from Hamilton’s weak principle asymptotically de-

veloped along the beam axes:
∫ t2

t1

∫ L

0

�

δ (K −U )+δW
�

d x1d t = δA (1)

where t1 and t2 are arbitrary fixed times, and U are the kinetic and strain energy, respectively, δ is the usual

Lagrangian variation for a fixed time, δW is the virtual work of applied loads and δA the virtual action on the

same period. The resulting formulation is detailed in Hodges [20].

The main strength of this method compared to classical displacement based formulation is to avoid the de-

pendency from a coordinate system (intrinsic nature) for the position and rotation parameters. Then, kinemat-

ical and constitutive relations are added to the weak formulation with Lagrange multipliers (mixed nature). The

resulting formulation allow a finite element implementation with very simple shape functions (constant or lin-

ear). According to Hodges [21], we defined three coordinates systems (Fig. 2):

• a unique global body attached frame a
�

x a , y a , z a

�

moving with a given linear and angular velocity v a

and ωa in an inertial frame and consistent with flight mechanics conventions (x a pointing towards, y a

pointing the right wing and z a pointing downwards).

• at least one undeformed beam frame b
�

x b , y b , z b

�

fixed in frame a : x b is normal to the airfoil and points

towards the right. x b is within the plane
�

y a , z a

�

even in case of a swept wing, y b is tangent to the airfoil

reference line pointing forward and z b completes the triad. In our case, a frame b is defined for each

section of the wing with a different dihedral or/and wing twist.

• a deformed beam frame B
�

x B , y B , z B

�

for each beam element.

Direction cosine matrix describing the rotation between frames are defined using Rodrigues parameters θi =

2ei tan(α/2)with α the magnitude of the rotation about a unit vector e :

C =

�

1− (1/4)θ T θ
�

∆− θ̃ + (1/2)θ T θ

1+ (1/4)θ T θ
(2)
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Figure 2: Structural frames definition

with∆ the identity matrix and the tilde notation defining a matrix using the following identity for any vector w :

θ̃w = θ ∧w (3)

Fundamentals unknowns of this formulation are the displacement u a and the Rodrigues parameters θ a in

frame a , the internal forces and moments F B and M B in frame B and the linear and angular momenta P B and

H B in frame B . These unknowns are linked to the weak formulation with the following expressions:
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(5)

with V B and ΩB the linear and angular velocity in the inertial frame developed in frame B , γ and κ the strains

and curvatures developed in frame B , I is the mass matrix and K the stiffness matrix.

The anisotropic nature of the beam is concentrated in Eq. (5). I and K matrices are the cross sectional prop-

erties of the beam and could be determined by various means. Proprietary program Variational Beam Sectional

Analysis (VABS) [22] is used in [1]. The present work uses a 3D finite element reduction done with the open
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source solver CalculiX [23] detailed in section 2.2. Eqs (4)-(5) are expanded below in frame B :
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(7)

with Si j the coefficients of the flexibility matrix (S = K −1), µ the mass per unit length, xm2, xm3 the coordinates

of the mass center about respectively y B and z B , i22 the mass moment of inertia about y B , i33 the mass moment

of inertia about z B and i23 the product of inertia in the plane
�

y B , z B

�

.

Dividing a beam into N elements with the starting node of the i th element numbered as i and the ending

node numbered as i + 1 and using linear or constant shape function for the unknowns, the initial weak formu-

lation leads to:

N
∑

i=1

¦

δu T
i f −ui

+δu T
i+1 f +ui

+δψT
i f −ψi

+δψT
i+1 f +ψi

+δF T
i f −Fi

_+δF T
i+1 f +Fi

+δM T
i f −Mi

+δM T
i+1 f +Mi

+δP T
i f Pi

+δH T
i f Hi

©

=δu T
N+1F̂ N+1+δψ

T
N+1M̂ N+1−δF T

N+1û N+1−δF T
N+1θ̂ N+1−δF T

N+1û N+1−δu T
1 F̂ 1−δψT

1 M̂ 1+δF T
1 û 1+δM T

1 θ̂ 1 (8)

with δu the virtual displacement, δψ the virtual rotation, (̂) the boundary conditions and:

f ±ui
= ±C T C a b F i − f

±
i +
∆L i

2

�

ω̃a C T C a b P i +
˙

C T C a b P i

�

(9)

f ±ψi
= ±C T C a b M i −m±

i +
∆L i

2

�

ω̃a C T C a b H i +
˙

C T C a b H i +C T C a b
�

Ṽ i ~P i −
�

ẽ 1+ γ̃i

�

F i

�

�

(10)

f ±Fi
=±u i −

∆L i

2

�

C T C a b
�

e 1+γi

�

−C a b e 1

�

(11)

f ±Mi
=±θ i −

∆L i

2

�

∆+
θ̃

2
+
θ iθ

T
i

4

�

C a bκi (12)

f Pi
=C T C a b V i −v i − ω̃a u i − u̇ i (13)

f Hi
=Ωi −C b a Cωa −C b a ∆− θ̃ i /2

1+θ iθ
T
i /4
θ̇ i (14)
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with e 1 =
�

1 0 0
�T

, C the matrix direction cosines between frame b and B , C a b the matrix direction cosines

between frame b and a , C b a =
�

C a b
�T

,∆L i the length of the i th element and f
±
i , m±

i the discretised distributed

forces and moments defined by:

f
−
i =

∫ 1

0

(1−ξ) f a∆L i dξ; f
+
i =

∫ 1

0

ξ f a∆L i dξ (15)

m−
i =

∫ 1

0

(1−ξ)m a∆L i dξ; m+
i =

∫ 1

0

ξm a∆L i dξ (16)

with f a and m a the distributed forces and moments. From Eqs (9)-(16), subscripts a , b or B referred to the

development frame. Derivations (̇) are made in the inertial frame.

The resulting nonlinear system of 18N +12 equations consists in:

• 12 (N −1) equations associated to intermediate nodes:

f +ui
+ f −ui+1

= 0; f +ψi
+ f −ψi+1

= 0;

f +Fi
+ f −Fi+1

= 0; f +Mi
+ f −Mi+1

= 0

• 12 equations associated to the starting node:

f −u1
− F̂ 1 = 0; f −ψ1

− M̂ 1 = 0;

f −F1
− û 1 = 0; f −M1

− θ̂ 1 = 0

• 12 equations associated to the ending node:

f +uN
+ F̂ N+1 = 0; f −ψ1

+ M̂ 1 = 0;

f −F1
+ û 1 = 0; f −M1

+ θ̂ 1 = 0

• 6N equations associated to the elements:

f Pi
= 0; f Hi

= 0

The corresponding 18N + 12 unknowns are u i , θ i , F i , M i for each node and P i and H i for each element.

Boundary conditions are prescribed to boundary nodes, either in displacement/rotation or in force/moment.

This formulation is so far purely structural and corresponds to the implementation of the structural solver

GEBT [1]. Based on this work, our toolbox will implement unsteady aerodynamic loads throughout distributed

forces and moment f a and m a .
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2.2. Composite beam homogenisation

In our toolbox, the flexibility matrix can be determined using different methods. In the case of isotropic

Euler-Bernoulli beam (shear strains γ12 and γ13 are neglected, thus line and column 2 and 3 are set to 0), the

flexibility matrix (Eq. (6)) is greatly simplified:

S =



























1/ (E A) 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1/ (G J ) 0 0

0 0 0 0 1/ (E IG 2) 0

0 0 0 0 0 1/ (E IG 3)



























(17)

with E A the axial stiffness, G J the torsional stiffness, E IG 2 the bending stiffness spanwise and E IG 3 the bending

stiffness chordwise.

These parameters could be:

• directly derived from test cases data;

• calculated for simple cross section shape (E , G are the Young and Coulomb modulus of the material, A is

the cross section area, J is the torsion constant and IG 2,3 are the second moment of area).

In case of complex cross section shape or anisotropic composite materials, flexibility matrix is determined using

an homogenisation tool following a method detailled in [24] and applied for instance in the Abaqus preprocessor

HOMTOOLS [25]. As explained in [26], It consists in a three-dimensional finite element calculation realised

on a Representative Volume Element (RVE) of the beam using periodic boundary conditions along beam axis

direction x B . The RVE is a 3D mesh written in Abaqus input format. Different cases are considered:

• simple shape constant cross section (plate or box): the mesh is automatically generated using the pre/postprocessor

CalculiX GraphiX (Fig. 3a);

• constant cross section: a 2D mesh is extruded with a unique element spanwise (Fig. 3b);

• periodic cross section: a wing section representing a beam period is meshed (between two ribs for in-

stance).

The frame used for the mesh is the frame B (Fig. 2).

Two dummy nodes are created representing the beam strains and curvatures degrees of freedom (one with

γ11 and another with κ1, κ2 and κ3). The beam kinematic choice fell on an Euler-Bernoulli hypothesis: shear

strain is neglected (line/column 2 and 3 are set to 0), the middle plane of the cross section is normal to the beam
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(a) Composite box section with two plies vertically and three plies hori-

zontally

(b) Full cross section NACA0015 airfoil mesh

Figure 3: Examples of meshes used for the homogenisation

axis x B but warping is nevertheless allowed (Fig. 4). The flexibility matrix S becomes:

S =



























S11 0 0 S14 S15 S16

0 0 0 0 0 0

0 0 0 0 0 0

S14 0 0 S44 S45 S46

S15 0 0 S45 S55 S56

S16 0 0 S46 S56 S66



























(18)

The different materials (isotropic or orthotropic) of the cross section are then affected to mesh cells.

The idea behind this method is to consider the real beam kinematics as the superposition of an Euler-Bernoulli

kinematics and a periodic motion of the RVE faces. This kinematic is imposed using a set of periodic conditions

linking strains and curvatures (assimilated to dummy nodes displacements) to the displacements of nodes from

opposite faces of the RVE in the beam axis direction x B ( − refers to the left face and + to the right face in the sense

of increasing beam axis coordinate):

u+x −u−x = L x

�

γ11+ z+κ2− y +κ3

�

(19)

u+y −u−y = L x

�

−z+κ1− xκ3

�

(20)

u+z −u−z = L x

�

y +κ1− xκ2

�

(21)
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Figure 4: Warping of a NACA0015 airfoil section (amplified); CalculiX GraphiX

with u+x ,y ,z and u−x ,y ,z the nodes displacement of the two periodic faces, L x the RVE length along beam axis, x

the coordinate of the middle of the RVE along the beam axis x B , y +and z+ are the nodes coordinates within the

right face.

Four elementary loading cases are imposed through dummy node forces/moments and a linear static cal-

culation is performed for each case using the open source finite element solver CalculiX CrunchiX. For instance,

the elementary torsional load case corresponds in Eq. 5 to M1 = 1 and F1 =M2 =M3 = 0. Then, flexibility matrix

forth line or column is identified using the strains and curvatures vector (S41 = γ11, S44 = κ1, S45 = κ2 and S46 = κ3).

By duality, these strains and curvatures correspond to the forces recorded on the two dummy nodes.

Furthermore, this reduction toolbox allow us to :

• determine the position of the elastic center EC. It corresponds to the reference point where no traction/bending

coupling is generated. Thus :

yE C =
S61

S66
(22)

zE C =
S51

S55
(23)

• approximate the mass center position (xm2, xm3), the mass moment of inertia i22, i33 and the product of

inertia i23 of the mass matrix (Eq. 4) using the volume and the material density of each mesh cell.

2.3. Finite state induced flow unsteady aerodynamic

As required by the typical reduced frequencies of VFA, a two-dimensional unsteady aerodynamic model must

be used [27]. Because of the low Mach number and the relatively high Reynolds number (order of magnitude of
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Figure 5: Airfoil parameters

106) the choice fell on inviscid potential flow theories. Many of them rely on Wagner formulation in time domain

[28] and Theodorsen theory [29] in frequency domain. The latter is suitable for computing flutter speed but im-

plies the use of iterative loop like the so called p-k method. Indeed, aerodynamic loads depends on reduced

frequency through Theodorsen function which, in is turn, is a function of velocity. To compel with computation

needs, a more suitable type of method has been developed derived from the latter namely finite state approxima-

tions [30]. Instead of modelling shed wake effect with Theodorsen function, finite state approximation computes

it with a number NS of states resolved from a set of NS Ordinary Differential Equations (ODE) which could be

solved at the same time as the non linear system of the beam formulation. The resultant equations gives con-

vergence to both Theodorsen and Wagner functions relatively to NS . However, this formulation does not take

into account stall phenomena and is thus not adapted to Limit Cycle Oscillation (LCO) simulation. Moreover,

because of the incompressible hypothesis, Mach number should be reasonably limited to 0.3. In addition, even

if full scale HAPS presents high Reynolds number, a particular attention should be taken when dealing with scale

model. It is notably the case for wind tunnel specimens.

A widely used finite state approximation for VFA or rotor blade aeroelasticity is the method developed by

Peters et al. [16]. This formulation is implemented in our toolbox with the following aerodynamic loads:

L =πρb 2
�

ḧ +U α̇− b a α̈
�

+2πρU b
�

ḣ +Uα+ b
�

1

2
−a

�

α̇−λ0

�

(24)

M = b
�

1

2
+a

�

L

−πρb 3
�

1

2
ḧ +u α̇+ b

�

1

8
−

a

2

�

α̈

�

(25)

with L the linear lift, M the linear moment around a reference point F ,ρ the air density and U the flow velocity.

The semi-chord b , the height h , AoA α and the distance a between the point F and the semi-chord are detailed

in Fig. 5.

The induced-flow velocity λ0 is approximated using NS induced-flow states λ1,λ2, . . . ,λNS
by:

λ0 ≈
1

2

NS
∑

n=1

bnλn

where the bn are found in [31] by the least-square method. Then, the induced-flow dynamics are derived from
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the assumption that the shed vorticity stay in the plane of the airfoil and travel downstream with the same velo-

city as the flow. ~λ is a column matrix containing the values of λn determined using a set of NS first-order ODEs

[31]:

Aλ̇+
U

b
λ=

�

ḧ +U θ̇ + b
�

1

2
−a

�

θ̈

�

c (26)

Matrix ~~A is defined by:

A =D +d b T + c d T +
1

2
c b T (27)

where

Dnm =























1
2n n =m +1

− 1
2n n =m −1

0 n 6=m ±1

(28)

bn =











(−1)n−1 (NS +n −1)!
(NS −n −1)!

1

(n !)2
n 6=NS

(−1)n−1 n =NS

(29)

dn =











1
2 n = 1

0 n 6= 1
(30)

cn =
2

n
(31)

2.4. Fluid/structure tight coupling

Aerodynamic load directions are defined relatively to the orientation of the wind W . The wind orientation

is defined regarding the aircraft Angle of Attack αAC and the aircraft yaw angle βAC in frame a :

W =















−cosαAC cosβAC

−sinβAC

−sinαAC cosβAC















According to that point, we defined a forth type of frame, namely a flow frame
�

x F , y F , z F

�

consistent with two-

dimensional aerodynamic conventions. This orthonormal triad of unit vector is defined as follow (Fig. 6):

x F =−W

The lift forces directed by y F is normal to the wind and in the plane of the airfoil directed by x B which is also

the direction of the lift moment :

y F =
x B ∧x F

‖x B ∧x F ‖
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Figure 6: Flow frame definition

The lift moment directed by z F complements the orthonormal triad of unit vectors:

z F = x F ∧ y F

Using these definitions, the tight coupling requires to link aerodynamic unknowns (section 2.3) with struc-

tural one (section 2.1). We defined, under the assumption that wind direction and velocity are constant in time

or quasi-steady:

• α the local AoA, α ∈]−90°, 90°[:

α= arcsin
�

y B .y F

�

(32)

The time derivatives α̇, α̈, ḣ , ḧ :

α̇=Ωa .z F =
�

C T C a bΩB

�

.z F (33)

α̈= Ω̇a .z F + Ω̇a .ż F (34)

ḣ =−V a .y F =−
�

C T C a b V B

�

.y F (35)

ḧ =−V̇ a .y F −V a .ẏ F (36)

Then, unsteady aerodynamic loads, considered constant within each element, are injected in distributed

beam loads along with gravity forces as:

f a = Ly F −µg z a (37)

m a =M z F −µg xm2z a (38)
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using Eqs (32)-(36) to substitute aerodynamic unknowns with structural ones.

The aerodynamic model adds NS equations for each member, the coupled aeroelastic system contains (18+NS )N+

12 equations and the same number of unknowns, providing that structural unknowns are completed with N ×NS

induced-flow states λni
. Hereinafter the system of equations will be written as:

F (X , Ẋ ) = 0 (39)

This system permits a non-iterative computation of the unsteady aerodynamics loads, thanks to the Peters

theory and the tight coupling between both models. This is in contrast with classical iterative “k method” and

“p-k method” used to determined aeroelastic critical speeds.

In case of low reduced frequency ( fr � 1), a simplified aerodynamic model with λ0 = 0, called “quasi-steady

with added mass”, can be used. In that case, the system F has the same size as the initial purely structural

formulation.

3. Transient motion and critical speed computation methodology

The formulation described above permits different applications:

• study nonlinear transient dynamic behaviour using a time marching scheme;

• study nonlinear steady-state behaviour by neglecting all the time derivatives;

• realise an eigenvalue analysis of small motion about a nonlinear steady-state by linearising about it.

A python pre/postprocessor is developed, including the homogenisation algorithms detailed in section 2.2, in

order to exploit the aeroelastic solver.

The resulting open source computation code, thereafter called “GEBTAero”1, has different capacities sum-

marized on Fig. 7.

3.1. Quasi-steady algorithms

The simplest application is the determination of the static shape of the wing at a specific wind velocity using

a steady state solution of Eq. (39):

F (X , 0) = 0 (40)

It is also possible with a steady-state solution to determine the torsional divergence speed by monitoring the

divergence of the wing root internal forces and moments F B and M B for a very small AoA.

1https://framagit.org/BertrandK/GEBTAero
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Figure 7: GEBTAero computation features

3.2. Eigenvalue analysis

3.2.1. Solving the eigenvalue problem

In the frequency domain, one of the main advantage of the tight coupling is the ability to directly compute

aeroelastic modes. In that case, the solution vector is written:

X (t ) = X + X̌ (t ) (41)

with X the steady-state solution and X̌ (t )� X . As a results in Eq. (39) and performing a Taylor expansion, the

system becomes, keeping first order terms:

F
�

X + X̌ (t ), ˇ̇X
�

=F (X , 0) +
∂ F

∂ X̌
X̌ +

∂ F

∂ ˇ̇X

ˇ̇X = 0

using Eq (40):
∂ F

∂ X̌
X̌ +

∂ F

∂ ˇ̇X

ˇ̇X = 0 (42)

For an eigenvalue analysis, we assume that:

X̌ (t ) = X 0e νt (43)

It gives us the following Generalised Eigenvalue Problem (GEP):
�

∂ F

∂ X̌
+ν
∂ F

∂ ˇ̇X

�

X 0 = 0 (44)
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By analogy with classical dynamic resolutions, ∂ F
∂ X̌

refers to a stiffness matrixK and ∂ F

∂ ˇ̇X
to a mass matrixM .

They must not be confused with stiffness matrix K and mass matrix I defined in section 2.1.

Because of the use of Lagrange multiplier inherent to the geometrically exact beam theory and the addition of

induced-flow ODE, this GEP is real and non-symmetric. Neither stiffness nor mass matrix is symmetric positive

semi-definite, thus our GEP requires a direct transformation into a Standard Eigenvalue Problem (SEP) :

K −1MX 0 =−
1

ν
X 0 (45)

Direct inversion ofK is avoided using the resolution of a linear system:

K V = Z (46)

with V =K −1MX 0 and Z =MX 0.

3.2.2. Computing aeroelastic critical speeds

Once the SEP is properly defined, more work is needed to produce aeroelastic critical speeds. For the sake

of efficiency, in particular for optimisation applications, the number of computed modes should be as small as

possible. In this regard, the algorithm focuses on the mode showing the smallest damping for a given flow speed,

either zero frequency (for the divergence speed) or non zero frequency (for the flutter speed).

To allow the proper tracking of these few modes, the SEP is resolved using the Implicitly Restarted Arnoldi

Method (IRAM) implemented into open source ARPACK program (ARnoldi PACKage) [32]. Matrices are stored

in coordinate list sparse format (COO). The sparse direct linear solver required by Eq. (46) is MUMPS (MUlti-

frontal Massively Parallel sparse direct Solver) [33]. A significant proportion of computation time comes from

the resolution of Eq. (46), then special attention is devoted to optimise the configuration of MUMPS. Before the

resolution of the SEP, rows and columns are reordered using software package Scotch [34] and are scaled.

The aeroelastic behaviour of the airframe is described by the lowest frequency structural modes modified

by the fluid forces. However, Induced-flow ODEs (26) add N ×NS eigenvalues to the initial structural problem.

Most of them are close to those associated with the uncoupled ODE system derived from Eq. (26):

Aλ̇+
U

b
λ= 0 (47)

Ifνi are the eigenvalues of matrix b
U A, it corresponds to the−1/νi according to Eq. (45). For example, if Ns = 6, A

has 4 real eigenvalues : ν1 ' 0.3865, ν2 ' 0.5011 , ν3 ' 2.8461, ν4 ' 16.5383 and 2 complex conjugate eigenvalues

ν5,6 ' 6.3987.10−2 ± 0.1546i . It results in negative real part eigenvalues −1/νi . All these modes are stable but

they are proportional to the flow velocity U , then every pair of complex conjugate mode of A generates up to

2N eigenvalues able to take any frequency depending on U . Because ARPACK is designed to quickly compute

only a few eigenmodes and in order to avoid hiding unstable modes with induced flow generated stable modes,
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the parameter “which” of the modal solver is set to “SR” corresponding the the smallest algebraic real part ei-

genvalues ν. After inverting the system with Eq. (45), it corresponds to eigenvalues −1/ν with positive real part

ordered by ascending real part followed by eigenvalues with negative real part ordered by decreasing real part.

This setting allow us to quickly find the smallest flow velocity associated with a real unstable mode, namely the

divergence speed, and the smallest flow velocity associated with a complex unstable mode, namely the flutter

speed. Both speed could be computed on undeformed wing (X = 0) or on deformed wing.

3.2.3. Displaying aeroelastic modes

For visualisation purposes, eigenvalue analysis is also used to plot a few number of modes versus flow ve-

locity. Because each flow velocity value corresponds to a specific eigenvalue problem, it is therefore necessary

to establish links between eigenvalues and eigenvectors corresponding to the evolution of the same aeroelastic

mode. For that purpose, modes of interest are identified at zero flow velocity to the first ni n t e r e s t structural

modes. It thus permits to filter modes produced by induced flow speed computation. Then, for each flow ve-

locity increment ∆U , a sufficient number of eigenmodes (nc a l c ul a t e d > ni n t e r e s t ) are calculated with ARPACK

parameter “LM” (large magnitude) corresponding after the problem inversion to the smaller magnitude eigen-

values. Then, they are matched to previous modes using eigenvectors correlation. ∆U and nc a l c ul a t e d are dy-

namically adjusted in the algorithm to allow a proper correlation, in particular to avoid mode crossing phe-

nomenon

As illustrated in section 4, eigenvalue analysis permits to obtain:

• the n first aeroelastic modes (frequency and reduced damping) between Umi n = 0 m/s and Uma x ;

• the undeformed wing flutter and divergence speed (X = 0);

• the deformed wing flutter and divergence speed(X 6= 0).

3.3. Transient dynamic algorithms

Using the Newmark time scheme as detailled in [1]with γ= 1/2 and β = 1/4, a transient dynamic simulation

of the airframe can be done. A file with output data for each time step is generated allowing a visualisation of

the wing motion in ParaView. This kind of simulation is illustrated in section 4.2 but temporal simulations are

not well suited for structural optimisation which is the main objective of this work.

It should be noted that the temporal study of the flexible wing motion is a key issue of the non linear aer-

oelasticity. Indeed, it allow a proper comparison between experimental measurements and numerical models

and permits for example to simulate accident like the one of Helios [35] or to study very flexible aircraft control

laws like it is done in [36]. The numerical model described above still presents some limitations for this kind of

applications because the flight mechanics is not yet taken into account, neither the stall phenomenon. Hence it
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Table 1: Validation of the 3D FEM with periodic boundaries homogenisation algorithm against analytical values [38]

Thin plate Rectangular box Cylinder

Dimensions m L=5×10−2 ; h=10−3 L=0.1; h=5×10−2; e=5×10−4 R=1

Area m2 5×10−5 1.49×10−4 3.1416

Area moment of inertia IG2
m4 4.1666×10−12 7.1062×10−8 0.7854

Area moment of inertia IG3
m4 1.0416×10−8 2.0461×10−7 0.7854

Torsion constant J m4 1.6456×10−11 1.6281×10−7 1.5708

Number of elements 100 200 2792

Computation time s 0.54 1.33 7.37

S11 relative error % 3.37×10−6 8.35×10−6 4.14×10−2

S44 relative error % −5.03×10−3 −0.44 0.13

S55 relative error % 3.38×10−6 −4.08×10−6 8.25×10−2

S66 relative error % 2.82×10−5 −5.22×10−6 8.37×10−2

cannot, for instance, simulate the limit cycle oscillations observed experimentally in [37]. However, once these

requirements will be met, the efficiency of the model makes it relevant for such temporal simulations.

4. Validation test cases

4.1. Homogenisation algorithm

First of all, the homogenisation routine is tested against analytical results for simple shape constant cross

section with isotropic material. Three shapes are tested : a thin plate (length L, height h), a rectangular box

(length L, height h, thickness e) and a cylinder (radius R). The first two shapes are automatically generated with

CalculiX GraphiX whereas the cylinder mesh is done manually. The flexibility matrix generated is compared

to analytical values [38] in Eq. 17. Results are presented in Tab. 1 and show very good agreement even for the

torsional flexibility S44 estimated within a precision of 0.5%.

4.2. Critical speed computation

The critical speed computation is validated against common aeroelastic test cases, namely the Goland wing

[39] and the Patil Wing [40]. The first is universally used among literature and the second is more appropriate to

our program because of its high-aspect-ratio. Unfortunately, both of them concern isotropic wing since there is

no common anisotropic test case among the literature. Characteristics of both wing are detailed in Tab. 2.
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Table 2: Characteristics of Goland and Patil wings

Goland [39] Patil [40]

Semi-span L m 6.096 16

Chord 2b m 1.8288 1

Mass per unit length µ kg/m 35.71 0.75

Elastic axis EA (from leading edge) % chord 33 50

Center of gravity CG (from leading edge) % chord 43 50

Distance between CG and EA v m 0.18288 0

Bending stiffness (spanwise) E IG 2 N.m2 9.77×106 2.104

Bending stiffness (chordwise) E IG 3 N.m2 / 4.106

Torsional stiffness G J N.m2 0.99×106 1.104

Mass moment of inertia around e.a. i11 kg.m 8.64 0.10

Figure 8: Convergence tests for N and Ns parameters for the Goland test case

Concerning the speed evaluation, tests are conducted on a laptop PC (CPU: Intel® Core™ i5-4210H; RAM:

8GO; OS :Ubuntu 18.04) and compare the freely available toolbox Aeroflex used with Matlab R2017b with GEBTAero

compiled using GFortran 7.3 running on a single core.

First of all, a convergence of the undeformed Goland wing flutter speed relatively to N and Ns parameters

are realised (Fig. 8). It appears that a reasonable value for N start from 6, parameter NS shows good results from

4. Because of the factorial entering into definition of A (Eq. (27)) and b (Eq. (29)), Ns is limited to 8 in order to

avoid round-off errors and ill-conditioned matrices.

Then, the flutter speed and frequency are computed at sea level (ρ = 1.225 k g .m−3) and at 20000 f t (ρ =

0.6526 k g .m−3) using N = 10 elements and NS = 6 induced-flow states and compared to literature. The corres-
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Table 3: Goland wing flutter speed and frequency

program
sea level 20000 f t

speed (m/s ) frequency (r a d /s ) speed (m/s ) frequency (r a d /s )

present (N = 10; NS = 6) 136.5 70.3 174.9 69.0

Goland [41] 137.2 70.7 - -

NATASHA[40] 135.6 70.2 - -

UM/NAST[42] 136.2 70.2 174.9 68.1

SHARP[13] 165 69 - -

Aeroflex[17] 137.0 70.8 177.0 69.2

Table 4: Patil wing flutter speed and frequency

program
Undeformed wing Deformed wing

speed (m/s ) frequency (r a d /s ) speed (m/s ) frequency (r a d /s )

present (N = 10; NS = 6) 32.2 22.6 23.3 11.9

NATASHA[40] 32.2 22.6 - -

UM/NAST[43] 32.2 22.6 23.2 10.3

Aeroflex[17] 32.6 22.3 23.4 12.2

ponding Mach number at 20 000 ft is 0.56, which is quite large for an incompressible model, but it is still relevant

for the sake of comparison, provided that other models use this hypothesis. Results are presented in Tab. 3.

Results show a good agreement with other strip theory reduced order models whereas UVLM based model

(SHARP) predict a higher critical speed because of three-dimensional effects. A more appropriate test case is the

Patil high-aspect-ratio wing whose characteristics are detailed in Tab. 2. Besides undeformed wing flutter speed

assessment, flutter speed is also calculated about the wing deformed by its own weight (static wing tip deflection

= 2.93 m). Both simulations are made using N = 10 and NS = 6 and demonstrate also a good agreement (Tab. 4).

The Mach number is of the order of 0.1, in accordance with incompressible hypothesis. In order to illustrate the

impact of the large displacement and rotation of the Patil wing on the aeroelastic behaviour, the first four modes

are plotted for the undeformed configuration (Fig. 9a) and the deformed one (Fig. 9b). In our case, the unstable

mode (green) is deeply affected by the wing deformation both in terms of frequency and damping leading to a

significant modification of the flutter behaviour.

In addition, to illustrate the time domain capabilities of the program, a real time flutter instability is repres-

ented on Fig. 10 by the superimposition of the Patil wing shape (without amplification) at different time steps.

The longitudinal distance between two snapshots corresponds to the distance covered during the time step and

the colorscale represents the wing rotation magnitude (in radian). This display intends to illustrate the large dis-
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(a) Undeformed configuration (b) Deformed configuration

Figure 9: Patil wing aeroelastic modes

Figure 10: Real time flutter instability of the Patil wing; altitude = 20 k m ; velocity = 38 m/s

placement and rotation of the airfoils. It should be recalled that the flight mechanics is not taken into account.

Furthermore, computation time is assessed on the Patil wing flutter speed with a precision of 10−1 m/s

(Fig. 11). The results are promising with a computation time in the order of O (N ), paving the way for com-

plex optimised composite airframe simulations. Deformed wing computation seems to be faster, which can be

explained by the lower value of critical speed to reach by the algorithm. The impact of parameter NS is complex

and depends on the position of the induced flow generated modes as explain in section 3.2. A good performance

is reached for Ns = 6 or Ns = 8.

By comparison, Aeroflex with Ns = 4 takes 4.8 s if N = 2, 98.8 s if N = 10 and 751.1 s if N = 20. Several reasons

could explain the big gap between both program, among them the use of sparse matrix versus dense matrix, the

use of Fortran for the computation-intensive tasks or the strategy consisting in computing only a few eigenvalues

of interest. At the end, the program was challenged with a problem size up to Ns = 6 and N = 100000 in deformed

configuration, which is far beyond the useful range, computed in 5887 s (1h 38min 7s).

The divergence speed computation time is very similar with for instance 4.93 s (undeformed) and 6.25 s (de-

formed) for Ns = 6 and N = 100.
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Figure 11: Patil flutter speed computation time (precision: 10−1 m/s)

5. Aeroelastic tailoring effect assessment

Thanks to the computation speed and automation routines of the program, since no common experimental

or numerical test cases have been found in the literature, the aeroelastic tailoring effect is numerically assessed

on simple composite laminates. In addition to a sandwich configuration evaluated in [26] with the variation of

the upper ply orientation, the present paper evaluate an anisotropic flexible wing test case derived from Patil

wing and a two-ply composite laminates (carbon/epoxy T700GC/M21) by sweeping both ply orientations (lower

ply θ1 and upper ply θ2).

5.1. Modified anisotropic Patil wing

Both wing test cases presented above are isotropic. To illustrate the anisotropic capability of the model,

coupled with geometrical non linearities, the Patil wing is modified by introducing a bending/twisting coupling.

In order to produce a realistic coefficient, a composite box with a specific layup is defined with the same bending

(S55) and twisting (S44) flexibility as Patil wing compatible with the wing section dimensions. The composite box

characteristics are detailed in Tab. 5 using carbon/epoxy T700GC/M21. The ply order starts from the center of

the box. The composite box is centred on the original wing elastic axis.

Using beam homogenisation tool of GEBTAero, the resulting flexibility matrix is:

S =



























0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1.01.10−4 5.88.10−6 0

0 0 0 5.88.10−6 4.97.10−5 0

0 0 0 0 0 0
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Table 5: Anisotropic Patil wing composite box characteristics

Parameter Unit Value

width mm 200

height mm 67

ply thickness mm 0.125

upper layup − [0, 45, 45, 0]

lower layup − [0,−45, 45, 0]

left layup − [0, 45,−45, 0]

right layup − [0,−45, 45, 0]

El G p a 148

Et G p a 10

Gl t G p a 4.6

νl t − 0.3

ρ k g .m−3 1.6

Table 6: Anisotropic Patil wing critical speeds and frequencies computed by GEBTAero

configuration

flutter divergence

speed frequency speed

(m/s) (rad/s) (m/s)

isotropic undeformed (without weight) 32.2 22.6 38.0

isotropic deformed (with weight) 23.4 11.9 38.0

anisotropic undeformed (without weight) 32.3 22.6 78.3

anisotropic deformed (with weight) 31.6 22.1 97.0

This configuration permits a very good agreement with bending and twisting flexibility of the original Patil wing

test case (Tab. 2). Thus, bending/twisting coefficient S45 is added to the Patil wing test cases, all else being equal.

The deformed (by its own weight) and undeformed critical speeds are presented in Tab. 6 alongside isotropic

reference. The first four aeroelastic modes of both configurations are plotted on Fig. 12.

The divergence speed of this anisotropic test case is about twice the speed of the isotropic wing for the unde-

formed configuration and almost three time the speed for the deformed configuration. Concerning the flutter,

the behaviour of the undeformed configuration is quite similar as the isotropic test case. However, for the de-

formed configuration, the impact on the unstable mode (green) is obvious. In fact, the bending twisting coupling

tends to cancel the static deflection of the wing, as it can be seen in Fig. 13. Thus, this example confirms that the

aeroelastic tailoring is a satisfactory way to compensate the aeroelastic performance decrease due to the static
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(a) Undeformed configuration (b) Deformed configuration

Figure 12: Anisotropic Patil wing aeroelastic modes plot

Figure 13: Anisotropic Patil wing static tip deflection depending on flow speed.
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Table 7: 2-ply composite laminates characteristics

Parameter Unit Value

Chord mm 30

Length mm 300

total thickness mm 0.5

ply thickness mm 0.25

El G p a 148

Et G p a 10

Gl t G p a 4.6

νl t − 0.3

ρ k g .m−3 1.6

deflection.

5.2. Two-ply flexible laminate

The characteristics of the two-ply flexible laminate are detailed in Tab. 7. To ensure a good critical speed

convergence, the number of beam elements N is set to 20 and the number of induced-flow states Ns is set to 6,

the gravity effect is taken into account and the AoA is set to 0°. A critical speed computation is performed every

3° for both ply orientations (3600 simulation points computed in 2h 45min on a single core) . At each point,

the flexibility matrix is determined using the homogenisation algorithm, particularly the torsional flexibility S44,

the bending flexibility S55 and the bending/twisting coupling S45 from Eq. 18. Then, using the method detailed

in section 3.2, the divergence speed, the flutter speed and the flutter frequency is computed. Simulations are

made at sea level (ρ = 1.225 kg.m−3), knowing that the Reynolds number is rather small for the use of an inviscid

potential flow theory (from 104 to 105 for a speed from 5 to 50 m/s).

Results are plotted on Fig. 14 and Fig. 15. Concerning the bending flexibility (Fig 14a) and the torsional flex-

ibility (Fig. 14b), results are consistent with classical laminate theory (CLT). In fact, the bending flexibility is

minimal (stiffer configuration in bending) if all the fibres are oriented along the beam direction (0°/0°) and max-

imal if all the fibres are oriented transversely (90°/90°). The torsional flexibility is minimal (stiffer configuration

in torsion) for a balanced layup oriented at ±45° (-45°/45° or 45°/-45°) and relatively low if fibres are all ori-

ented at -45° or 45° (unbalanced layups). The bending/twisting coupling shape (Fig. 15a) is more complex. This

parameter can be positive or negative and, according to the CLT, balanced layups are devoid of coupling. The

maximum in magnitude is obtained for unbalanced layups 30°/30° and -30°/-30°. All these flexibility coefficients

are symmetrical about the mirrored layup axis (θ1 = θ2) because the homogenisation problem is symmetrical

by switching both ply orientations. The balanced layup axis (θ1 = −θ2), corresponding to the change of sign of
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(a) bending flexibility

(b) torsional flexibility

Figure 14: Composite laminates numerical simulation depending on lower and upper ply orientation : bending and torsional flexibility

(symmetry axis in white dashed line)
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(a) bending/twisting coupling

(b) critical speed

(c) Critical frequency

Figure 15: Composite laminates numerical simulation at sea level (ρ = 1.225 kg.m−3), depending on lower and upper ply orientation : bend-

ing twisting coupling, critical speed and frequency (symmetry axis in white dashed line; anti-symmetry axis in white dotted line)
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both ply orientations, is a symmetry axis for bending and twisting but an anti-symmetry axis for the coupling

coefficient. Moreover, all coefficients show a smooth and regular aspect consistent with the continuous nature

of the homogenisation problem.

Because the cross section parameters are unchanged by switching both ply orientations, the mirrored layup

axis is also a symmetry axis for the critical speed (minimal speed between divergence and flutter; Fig. 15b) and

the associated critical frequency (Fig. 15c). A strong correlation appears between the critical speed and the

bending/twisting structural coupling, namely the aeroelastic tailoring effect. Indeed, according to the frame of

Fig. 2, a positive lift will bend the wing negatively. In case of a positive bending/twisting coupling it will twist the

wing negatively corresponding to a decrease of the AoA which has the effect of stabilising the wing deflection

amplitude. High critical speed are mainly found for layups stiff in torsion but the correlation is less obvious and

are always found for layups flexible in flexion, which seems counter-intuitive. Finally, optimal configurations

are found for balanced layup (without coupling), but it is important to note the strong impact of the coupling

coefficient change of sign with a halving of the critical speed within a tiny range of 5° ply orientation. Then,

to overcome this difficulty, the design range should preferably be chosen in the positive coupling area. The

critical frequency (Fig. 15c) permits to know whether the instability is a divergence (0 H z ) or a flutter. Layups

with negative structural coupling are prone to torsional divergence as in the case of the geometrical coupling

generated by a forward swept wing [4].

6. Conclusion

Design challenges induced by HAPS in terms of aeroelastic performances show the need for an accurate re-

duced order model able to simulate nonlinear behaviour of an anisotropic high-aspect-ratio wing. Moreover,

innovative solutions like aeroelastic tailoring require a fast computation of critical speeds compatible with an

optimisation process. The present work presents the computation code GEBTAero, a solution based on the

geometrically exact beam theory coupled with a two-dimensional unsteady finite state aerodynamic model im-

plemented into an open source solver. The homogenisation step required by the beam model is either analytical

or performed by a 3D FEM calculation with periodic boundaries using CalculiX solver. Accuracy and swiftness

of critical speed computation on both undeformed and deformed wing has been evaluated using common aer-

oelastic test cases with different problem sizes, proving the ability to quickly compute complex design, and thus

to be used within a multidisciplinary optimisation platform. Configurations using aeroelastic tailoring, which

are the core target of this solver, are then evaluated numerically on an anisotropic test case derived from the Patil

wing and a simple 2-ply composite laminates with both variable ply orientations. It illustrates the strong correl-

ation between the structural bending/twisting coupling of an unbalanced composite laminates and its critical

aeroelastic speed. It also shows the high sensitivity of ply orientation on the aeroelastic behaviour. Furthermore,

the lack of experimental data for this type of anisotropic specimen show the need for a wind tunnel campaign



30

dedicated to very flexible composite laminates using aeroelastic tailoring.

References

[1] W. Yu, M. Blair, GEBT: A general-purpose nonlinear analysis tool for composite beams, Composite Structures 94 (2012) 2677–2689.

doi:10.1016/j.compstruct.2012.04.007.

[2] Q. Wang, W. Yu, M. A. Sprague, J. Jonkman, Geometric Nonlinear Analysis of Composite Beams Using Wiener-Milenkovic Parameters,

in: Proceedings of the 54th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference and Co-located

Events, Boston, Massachusetts, 2013, pp. 8–11.

URL http://arc.aiaa.org/doi/pdf/10.2514/6.2013-1697

[3] M. M. Munk, Propeller containing diagonally disposed fibrous material, US patent US1875597a (Oct. 1949).

[4] T. A. Weisshaar, Aeroelastic tailoring of forward swept composite wings, Journal of Aircraft 18 (8) (1981) 669–676.

[5] H. T. Hahn, S. W. Tsai, Introduction to Composite Materials, CRC Press, 1980.

[6] T. Farsadi, M. Rahmanian, A. Kayran, Geometrically nonlinear aeroelastic behavior of pretwisted composite wings modeled as thin

walled beams, Journal of Fluids and Structures 83 (2018) 259–292. doi:10.1016/j.jfluidstructs.2018.08.013.

URL http://www.sciencedirect.com/science/article/pii/S0889974617307089

[7] Z. Qin, L. Librescu, Aeroelastic instability of aircraft wings modelled as anisotropic composite thin-walled beams in incompressible

flow, Journal of Fluids and Structures 18 (1) (2003) 43–61.

[8] H. Haddadpour, Z. Zamani, Curvilinear fiber optimization tools for aeroelastic design of composite wings, Journal of Fluids and Struc-

tures 33 (33) (2012) 180–190. doi:10.1016/j.jfluidstructs.2012.05.008.

[9] C. Jutte, B. K. Stanford, Aeroelastic tailoring of transport aircraft wings: State-of-the-art and potential enabling technologies, Tech. Rep.

NASA/TM–2014-218252 (2014).

[10] P. Hemon, Vibrations des structures couplees avec le vent, Editions Ecole Polytechnique, 2006.

[11] T. E. Noll, J. M. Brown, M. E. Perez-Davis, S. D. Ishmael, G. C. Tiffany, M. Gaier, Investigation of the Helios prototype aircraft mishap,

NASA Report 9.

[12] Z. Wang, P. C. Chen, D. D. Liu, D. T. Mook, Nonlinear-aerodynamics/nonlinear-structure interaction methodology for a high-altitude

long-endurance wing, Journal of Aircraft 47 (2) (2010) 556–566.

URL http://arc.aiaa.org/doi/pdf/10.2514/1.45694

[13] J. Murua, R. Palacios, J. M. R. Graham, Assessment of wake-tail interference effects on the dynamics of flexible aircraft, AIAA Journal

50 (7) (2012) 1575–1585.

URL https://arc.aiaa.org/doi/pdfplus/10.2514/1.J051543

[14] M. Drela, Integrated simulation model for preliminary aerodynamic, structural, and control-law design of aircraft, AIAA Paper 99 (1999)

1394.

URL http://arc.aiaa.org/doi/pdf/10.2514/6.1999-1394

[15] C. M. Shearer, C. E. Cesnik, Nonlinear flight dynamics of very flexible aircraft, Journal of Aircraft 44 (5) (2007) 1528–1545.

URL http://arc.aiaa.org/doi/abs/10.2514/1.27606

[16] D. A. Peters, S. Karunamoorthy, W.-M. Cao, Finite state induced flow models. I-Two-dimensional thin airfoil, Journal of Aircraft 32 (2)

(1995) 313–322.

URL http://arc.aiaa.org/doi/abs/10.2514/3.46718

[17] F. L. C. Ribeiro, P. Paglione, R. G. A. da Silva, M. S. de Sousa, Aeroflex: a toolbox for studying the flight dynamics of highly flexible

airplanes, in: VII Congresso Nacional de Engenharia Mecânica, São Luís - Maranhão, Brasil, 2012.

URL http://flavioluiz.github.io/papers/AeroFlexCONEM.pdf

[18] C.-S. Chang, D. H. Hodges, M. J. Patil, Flight dynamics of highly flexible aircraft, Journal of Aircraft 45 (2) (2008) 538–545.

URL http://arc.aiaa.org/doi/pdf/10.2514/1.30890



31

[19] J. M. Jonkman, M. L. Buhl Jr, FAST User s Guide, National Renewable Energy Laboratory, No. NREL/EL-500-38230, Golden, CO.

[20] D. H. Hodges, A mixed variational formulation based on exact intrinsic equations for dynamics of moving beams, International journal

of solids and structures 26 (11) (1990) 1253–1273.

URL http://www.sciencedirect.com/science/article/pii/0020768390900609

[21] D. H. Hodges, X. Shang, C. E. S. Cesnik, Finite Element Solution of Nonlinear Intrinsic Equations for Curved Composite Beams, Journal

of the American Helicopter Society 41 (4) (1996) 313–321. doi:10.4050/JAHS.41.313.

[22] C. E. Cesnik, D. H. Hodges, VABS: a new concept for composite rotor blade cross-sectional modeling, Journal of the American Helicopter

Society 42 (1) (1997) 27–38.

URL http://www.ingentaconnect.com/content/ahs/jahs/1997/00000042/00000001/art00003

[23] G. Dhondt, K. Wittig, Calculix: a free software three-dimensional structural finite Element Program, MTU Aero Engines GmbH, Munich,

Germany.

[24] P. Cartraud, T. Messager, Computational homogenization of periodic beam-like structures, International Journal of Solids and Struc-

tures 43 (3-4) (2006) 686–696.

[25] S. Lejeunes, S. Bourgeois, Une Toolbox Abaqus pour le calcul de propriétés effectives de milieux hétérogenes, 10e colloque national en

calcul des structures, Giens, France.

[26] B. Kirsch, O. Montagnier, E. Bénard, T. Faure, Assessment of aeroelastic tailoring effect on high-aspect-ratio composite wing flutter

speed using an open source reduced order model solver, in: 18 th European Conference on Composite Materials, Athens, Greece, 2018,

pp. 24 – 28.

URL https://hal.archives-ouvertes.fr/hal-01877807

[27] H. Haddadpour, R. D. Firouz-Abadi, Evaluation of quasi-steady aerodynamic modeling for flutter prediction of aircraft wings in incom-

pressible flow, Thin-walled structures 44 (9) (2006) 931–936.

URL http://www.sciencedirect.com/science/article/pii/S0263823106001431

[28] H. Wagner, Über die Entstehung des dynamischen Auftriebes von Tragflügeln, ZAMM-Journal of Applied Mathematics and Mechan-

ics/Zeitschrift für Angewandte Mathematik und Mechanik 5 (1) (1925) 17–35.

[29] T. Theodorsen, General theory of aerodynamic instability and the mechanism of flutter, NACA Technical Report NACA-TR-496.

URL https://ntrs.nasa.gov/search.jsp?R=19800006788

[30] D. A. Peters, Two-dimensional incompressible unsteady airfoil theory—an overview, Journal of Fluids and Structures 24 (3) (2008) 295–

312.

URL http://www.sciencedirect.com/science/article/pii/S0889974607000795

[31] D. H. Hodges, G. A. Pierce, Introduction to structural dynamics and aeroelasticity, Vol. 15, Cambridge University Press, 2011.

[32] R. B. Lehoucq, D. C. Sorensen, C. Yang, ARPACK Users’ Guide: Solution of Large Scale Eigenvalue Problems with Implicitly Restarted

Arnoldi Methods., Software Environ. Tools 6.

[33] P. R. Amestoy, I. S. Duff, J.-Y. L’Excellent, J. Koster, A fully asynchronous multifrontal solver using distributed dynamic scheduling, SIAM

Journal on Matrix Analysis and Applications 23 (1) (2001) 15–41.

[34] F. Pellegrini, J. Roman, Scotch: A software package for static mapping by dual recursive bipartitioning of process and architecture

graphs, in: International Conference on High-Performance Computing and Networking, Springer, 1996, pp. 493–498.

[35] W. Su, C. E. Cesnik, Dynamic response of highly flexible flying wings, in: Proceedings of the 47th AIAA/ASME/ASCE/AHS/ASC Struc-

tures, Structural Dynamics and Materials Conference, 2006, pp. 412–435.

URL http://arc.aiaa.org/doi/pdf/10.2514/6.2006-1636

[36] M. d. Virgilio Pereira, I. Kolmanovsky, C. E. Cesnik, F. Vetrano, Model predictive control architectures for maneuver load alleviation in

very flexible aircraft, in: AIAA Scitech 2019 Forum, 2019, p. 1591.

[37] B. Kirsch, O. Montagnier, T. Faure, E. Benard, Numerical and experimental study of aeroelastic tailoring effect using flexible composite

laminates for haps application, in: International Forum on Aeroelasticity and Structural Dynamics, IFASD 2019, Savannah, Georgia,



32

2019.

[38] W. C. Young, R. G. Budnyas, Roark’s formulas for stress and strain, McGraw-Hill, 2017.

[39] M. Goland, The flutter of a uniform cantilever wing, Journal of Applied Mechanics-Transactions of the ASME 12 (4) (1945) A197–A208.

[40] M. J. Patil, Nonlinear aeroelastic analysis, flight dynamics, and control of a complete aircraft, Ph.D. thesis, Citeseer (1999).

[41] M. Goland, Y. L. Luke, The flutter of a uniform wing with tip weights, Journal of Applied Mechanics 15 (1) (1948) 13–20.

[42] E. L. Brown, Integrated strain actuation in aircraft with highly flexible composite wings, Ph.D. thesis, Massachusetts Institute of Tech-

nology (2003).

URL http://dspace.mit.edu/handle/1721.1/8001

[43] W. Su, Coupled nonlinear aeroelasticity and flight dynamics of fully flexible aircraft, Ph.D. thesis, University of Michigan (2008).


