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Abstract: This study presents a new approach to passively detect targets using noise-like emitters of opportunity.
This method combines the Wiener ﬁltering to achieve clutter rejection and a proposed adaptation to noise-like
signals of the amplitude and phase estimation (APES) method. This theoretical approach is conﬁrmed by the
detection of a helicopter by a bistatic radar using a digital video broadcasting terrestrial (DVB-T) transmitter.

1

Introduction

Radars using transmitters of opportunity are inherently
passive bistatic radars. The passivity of bistatic radars offers
advantages, namely: low cost, low weight and enhanced
radar cross-section for certain geometries. Moreover, stealth
operations are possible since the receiver is totally passive [1].
Such radars have already been studied. Signals provided by
FM radio broadcast [2], satellites [3, 4] and global system for
mobile communications (GSM) base stations [5, 6] have
been considered. Arguments for the selection of the
transmitter type include spatial and time coverage, power,
central-frequency and bandwidth of the emitted signal and
shape of the ambiguity function. The bandwidth dictates
the achievable range-resolution and the shape of the
ambiguity function is decisive in determining the detection
performance of the radar. In particular, signals from digital
modulations (GSM, DVB-T) have much less range and
Doppler ambiguities than other modulations [7], which
makes them more suitable for passive radar.
In this paper, we will consider DVB-T transmitters. This
kind of emitter of opportunity delivers a noise-like signal in
the bandwidth associated to each channel.
Beside all the advantages previously described, noiselike signals ambiguity function presents no side lobes (just
noise ﬂoor), and behave favourably against electronic
countermeasures (anti-radar missile (ARM) and jamming).
They also exhibit better performance in low probability of
interception (LPI) and low probability of exploiting (LPE).
In the electromagnetic compatibility (EMC) domain, better
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interference immunity and the possibility of using many
radars simultaneously within the same area is expected.
Passively detecting the echo created by a target illuminated
by such a transmitter implies to reject ground clutter. We
will use the Wiener ﬁltering in this frame before applying a
proposed adapted version to noise-like signals of the
amplitude and phase estimation (APES) method. This
method is more general than the direct data domain (D3)
already used for passive detection [8] and allows a
localisation in both temporal and spatial domains
simultaneously compared to other methods where two steps
are necessary [9].
The paper is organised as follows. Section 2 depicts
the reference signal model, namely, DVB-T signal
characteristics and the received signal model, made of the
signal of interest (the target), clutter and noise. Section 3
then presents both clutter rejection through the Wiener
ﬁltering and its optimisation thanks to the study of the
range-Doppler diagram. Section 4 is dedicated to the
adaptation to noise-like signals of the APES method.
Finally, Section 5 describes results of the bistatic passive
detection of a real target, using DVB-T transmitters of
opportunity.

Notations:  , T, †, ^ represent, respectively, the conjugate,
transpose, Hermitian transpose and estimate of a vector/
matrix.
The element corresponding to the column c and row l of a
matrix M will be represented by Mlc , its line index l by Ml .
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The C ﬁrst values of a vector v will be represented by vC , its
lth element by vl , the portion of this vector between elements
i and j by vi:j .
The identity matrix with dimension N will be written IN ,
cC is the column vector with C unit elements, 0N is the
column vector with N null elements, l L is the row vector
with L unit elements.
The Kronecker product is represented by , the
Hadamard product by W. If we consider an N  M
matrix A, the vec-function of A is written as vec(A)
and is obtained by stacking the columns to get an NM  1
vector.

subcarriers, xp, q, r the complex data and

Cp, q, r (t) ¼

8
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>
>
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>
>
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with (pQ þ q)Ts  t  (pQ þ q þ 1)Ts
0,

elsewhere

Table 1 provides the main characteristics of OFDM signals.
These parameters lead to a modulation exhibiting much less
range and Doppler ambiguities than other modulations [7].
Fig. 1a presents the ambiguity function of a sampled
OFDM signal

X  l   l
x
xx (t, nd ) ¼
x
 t ej2pnd l
f
f
s
s
l

2

Signals models

2.1 Transmitted DVB-T signal
characteristics
As mentioned in the introduction, several kinds of
transmitters of opportunity are potentially available on a
battleﬁeld. We decide to focus on DVB-T transmitters
because of:

(2)

with t the delay corresponding to a range cell, nd ¼ fd =fs the
reduced Doppler frequency, fd the Doppler frequency, fs
the sampling frequency and x(l =fs ) the lth sample of the
reference signal.
The ambiguities are due to the cyclic preﬁx or guard
interval and the presence of signalling subcarriers [10].
One can understand the interesting thumbtack-like shape
of the various peaks considering the ﬂatness of the OFDM
spectrum in Fig. 1b.

† the ubiquitous spatial coverage of the transmitters,
† the permanency in time,

2.2 Received signal model

† the large bandwidth (7.61 MHz for 8 K mode) leading to
a range resolution of about 20 m to be compared with FM
radio, 1.5 to 6 km, digital audio broadcasting (DAB),
200 m or analog television, 3 km,

Let us consider a sampled space– time signal Y, made of
clutter, potential target and noise, received by a sparse array

Table 1 Main parameters of OFDM signal (8 k mode)
† the importance of the equivalent isotropic radiated power
(EIRP, several kilowatts),
† the possible high rate compression.
The general expression of an orthogonal frequency
division multiplex (OFDM) frame, delivered by DVB-T
emitters and made of subcarriers either dedicated to
data, channel equalisation (scattered and continuous
pilots), or signalisation (transmission parameters signalling
(TPS)), is

x(t) ¼ e2jpf0 t

P 1 Q1
sc 1
X
X NX

xp, q, r Cp, q, r (t)

(1)

p¼0 q¼0 r¼0

Parameters
total number of
subcarriers (Nsc)

6817

data subcarriers

6048

scattered pilot cells

524

continual pilot carriers

177

TPS

68

symbol duration (Tu)

896 ms

carrier spacing

1116 Hz

bandwidth
guard interval (Tp)
time for a symbol (Ts)

with f0 the central frequency, p the index of P frames number,
q the index of Q OFDM symbols and r the index of Nsc
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8 k mode

modulation

7,61 MHz
Tu
4

Tu
Tu
; T8u ; 16
or 32

Tu þ Tp
QPSK, 16-QAM, or 64-QAM in
our case

IET Radar Sonar Navig., 2010, Vol. 4, Iss. 3, pp. 403– 411
doi: 10.1049/iet-rsn.2009.0053

www.ietdl.org

Figure 1 OFDM signal ambiguity function (a) and DVB-T spectrum (b)

antenna made of Ns elements, during a coherent integration
time Tci corresponding to Nd samples, so that Tci ¼ Nd =fs .
The inter-element spacing between the i þ 1th antenna
element and the previous one is represented by diþ1,i and
the carrier wavelength by l.
The various components of the received signal are deﬁned
by their amplitude, delay compared to the direct path,
reduced Doppler frequency and associated steering vector
in the temporal domain and direction of arrival and
associated steering vector in the spatial domain.
The general expression of a temporal steering vector in the
direction of the reduced Doppler frequency nd is given by
sd (nd ) ¼ [1, ej2pnd , . . . , ej2pnd (Nd 1) ]T

(3)

N 1

¼ [1, zd (nd ), . . . , zd d (nd )]T

where zd (nd ) stands for the temporal phase shift from one
sample to another due to the motion of the considered
component.
In the case of a sparse array (used for real measurements),
the spatial steering vector in the direction of arrival u is
2
j2p(sin(u)=l)
6
6
ss (u) ¼ 61, ej2p(sin(u)=l)d2,1 , . . . , e
4

"
¼ zs1,0 (u), zs2,1(u), . . . ,

NY
s 1

N
s 1
X
i¼0

3T

s(u, nd ) ¼ sd (nd )  ss (u)

(5)

The clutter signal Yc is assumed to be made of the total
contribution of Nr interfering range cells, creating
multipaths. Each range cell is made of Nr;p contributing
clutter patches with complex amplitude a r; p , delay
tr ¼ r=fs , spatial steering vector ss (up ) linked to the
angle up . It is not necessary to take into account the
temporal steering vector if we neglect internal clutter
motion (ndr;p ¼ 0 and sd (ndr;p ) ¼ 1Nd 8r [ [1, . . . , Nr ] and
8p [ [1, . . . , Nr;p ]) so that

Yc ¼

Nr;p
Nr X
X

ar;p ss (up )xT ( tr )

(6)

r¼1 p¼1

with the general expression

(7)

#T
(4)

i¼0

where zsiþ1,i (u) stands for the spatial phase shift from the
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The space– time steering vector is deduced from both
spatial and temporal steering vectors

 
 



1r
2r
Nd  r T
x( tr ) ¼ x
, x
, ..., x
fs
fs
fs

diþ1,i 7
7
7
5

zsiþ1,i (u)

element i þ 1 of the antenna to the previous element. By
convention, zs1,0 (u) is chosen equal to 1.

The signal is also supposed to be made of a target with
complex amplitude a and located at angle u, reduced
Doppler frequency nd and bistatic delay t.
Noise is represented by N.
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and the reference one are, respectively

The general expression of the received signal is
Y ¼ Yc þ ass (u)(x( t) W sd (nd ))T þ N
T

¼ Yc þ a(cNs  x ( t)) W (ss (u) 

sTd (nd ))

(8)

Clutter rejection

One of the main challenges to achieve target detection is
to reject clutter (Yc ). In order to reach this goal, and under
the assumption of a static clutter, the Wiener ﬁltering of
the signal received on each antenna is proposed.
If, to begin with, we assume that all the Nr ﬁrst range cells
are contributing to the global clutter, and since the direct
path corresponds, in general, to the main contribution of
the clutter, and if we consider, Yci,l , the lth sample received
from clutter on the ith antenna, one can write
Nr;p
Nr X
X
r¼1 p¼1

ar;p

i1
Y

zskþ1,k (up )x

k¼1

r xY i ¼ E{Yi,l x}

(12)

and

In practice, the estimation of these statistical elements is
obtained using

3.1 Principle of the Wiener ﬁltering

Yci,l ¼

(11)

þN

¼ Yc þ aX ( t) W (ss (u)  sTd (nd )) þ N

3

Rx ¼ E{xxy }



l rþ1
fs

^x ¼ 1
R
Ne

Ne X
þNr 1
l ¼Nr

xl þNr :l þ1 ( tNr )xyl þNr :l þ1 ( tNr )

(13)

and

r^xY i ¼

1
Ne

Ne X
þNr 1

Yi,l xl þNr :l þ1 ( tNr )

(14)

l¼Nr

The number Ne of samples used for the estimation corresponds
to the assumed stationarity of the signals (see Table 2).

 Nr;p
Nr 
i1
X
Y
l rþ1 X
x
ar;p
zskþ1,k (up )
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p¼1
k¼0
2
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X
Y
Y
X
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¼
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3.2 Range-Doppler diagram
The effectiveness of the Wiener ﬁltering can be veriﬁed by
representing the range-Doppler diagram, a generalisation of
the input delay spread function, before and after the processing.

Table 2 Helicopter detection: conﬁguration parameters
Acquisition parameters
74

Ñd

Ns

Ne
Yci,l ¼

aTi xl þNr :lþ1 ( tNr )

The theoretical expression for the Nr coefﬁcients related to
the ith antenna is
(10)

The expression of both the covariance matrix of the reference
signal and the cross-covariance vector of the received signal
406
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213

S

8448

Ng

(9)

The objective of the Wiener ﬁltering is, in this case, to
estimate, for each antenna, ai , the vector containing the Nr
amplitudes of the clutter from each interfering range cell
made of the contribution of the various clutter patches. The
estimated clutter Y^c is then subtracted from the received signal.

ai ¼ R1
x r xY i

4

Tci

66 ms

100 over 600
main
contributors

Emitter
EIRP

20 kW

Central
frequency

562 MHz

Target
Type of
target

Fennec
helicopter

Direction of
arrival (u)

228

Doppler
frequency
( fd)

2162.5 Hz

Reduced
Doppler
frequency (ñd)

20.14

17.5 km

Range cell (tfs)

535

Bistatic
distance (ct)

IET Radar Sonar Navig., 2010, Vol. 4, Iss. 3, pp. 403– 411
doi: 10.1049/iet-rsn.2009.0053

www.ietdl.org
The range-Doppler diagram is deﬁned for each antenna
i by

X  l   l
xY x (t, nd ) ¼
Yi
 t ej2pnd l
x
i
fs
fs
l

(15)

Fig. 2 provides an example of the diagram obtained from
real measurements (for the helicopter detection). This ﬁgure
allows us to verify the hypothesis of a static clutter, the clutter
ridge being concentrated around fd ¼ 0 Hz, before the
Wiener ﬁltering. One can also see on this ﬁgure that the
Wiener ﬁltering, applied with Ne ¼ 8448, is able to reject
ground clutter. The iteration k corresponds to the rejection of
the clutter between range cell 200(k  1) þ 1 and range cell
200 k. The value 200 is an example. It allows to study the
600 ﬁrst range cells with three steps and to decrease the
computational load necessary to reject the clutter with a single
step.
Furthermore, this ﬁgure illustrates the rejection of Doppler
side lobes.
One can also note that the computational load associated to
the Wiener ﬁltering is directly linked to the length of the ﬁlter
Nr . In order to improve the processing by decreasing this size,
it can be interesting to select the Ng  Nr main scatterers.
The study of the range-Doppler diagram lead to choose Ng
in an optimal way.

Instead of considering (9), one can now apply the Wiener
ﬁltering to
" 
!#T
 

l  nN g
l  n1
l  n2
x
, x
, ..., x
fs
fs
fs

(16)

Each value nr , 1  r  Ng , corresponds to the delay of the
rth multipath, considered as a strong interferer.
Fig. 2, for example, was in fact obtained by selecting
Ng ¼ 100 main interfering range cells over 200 for each
iteration.

4 Generalisation of the APES
method to noise-like signals
In the case of a bistatic radar exploiting a noise-like signal, a
way to adapt the APES method [11 – 13] is to work on the
mixing product deﬁned for each range r associated to the
delay t by
Y m (t) ¼ Y (t) W (cNs  xy ) ¼ Y (t) W X 

(17)

In an analogue way, we will no longer consider the reference
signal or the noise signal but their mixed version, Xm and
Nm (t).
Since the target of interest induces a Doppler frequency
that is much smaller than the sampling frequency, the signal
can be low-pass ﬁltered and subsampled as suggested in
[14]. The subsampling factor will be noted S. Note that this
subsampling does not affect the range-resolution of the radar.

Figure 2 Range-Doppler diagram before and after iterative Wiener ﬁltering
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The reduced Doppler frequency after this processing will
be noted n~ d ¼ nd S.
Low-pass ﬁltering and subsampling play an important role
in the adaptation of the APES method to noise-like signal.
Both the demodulation, represented by the Hadamard
product of a delayed version, regarding the considered
range cell, of the received signal by the reference one
(see (17)) and low-pass ﬁltering plus subsampling allow the
noise-like signal to get closer to a Doppler shifted pulse
with a low level of amplitude ﬂuctuations.
This processing is associated to the subsampling and lowpass ﬁltering matrix
2

cS

60
6 S
6
jp(S1)nd sin(pnd ) 6 ..
S(nd ) ¼ e
6 .
sin(pn~ d ) 6 .
6 .
4 .
0S

0S

 

cS
..
.
..
.

0S
..
.
..
.

 

0S

3

   0S 7
7
.. 7
..
7
. . 7
. 7
..
7
. .. 5
0S

Applying the APES method implies to work with y~ i;l

y~ i;l ¼ vec(Y^ i:iþMs 1,l :lþM~ d 1 )

(23)

^ W [~y , . . . , y~ , y~ , . . . , y~ ~ ]
Y
1;1
Ls ;1
1;2
Ls ;Ld

(24)

and

^ is a
~ d , Ls and L~ d are chosen so that Y
The values of Ms , M
~ d ). In addition, the number
square matrix (Ls L~ d ¼ Ms M
of antenna elements of the sparse array being small
(Ns ¼ 4), Ms is chosen equal to Ns leading to Ls ¼ 1
(Ls ¼ Ns  Ms þ 1).
Once the integration time and the subsampling factor are
~ d þ 1, we obtain
chosen and using L~ d ¼ N~ d  M

cS

¼ i(nd )I Nd =S  cS

To facilitate readers understanding, the reference to the range
cell (t) and the spatio-temporal direction (u, n~ d ) will be
suppressed.

~
~ d ¼ Nd þ 1
M
Ns þ 1

(18)

The correction by the coefﬁcient

i(nd ) ¼ Pk¼0

1

S1

e2jpknd

Furthermore, we will note x~ the ﬁrst column of the matrix X^ T .
(19)
This leads us to the optimisation problem

is necessary to compensate the effect of subsampling on the
temporal steering vector. It yields
ST (nd )sd (nd ) ¼ ~sd (~nd )

(25)

(20)

^  ax~ ~ W s~ ~ k2
min khy Y
Ls Ld
Ls Ld
h,a

or

The mixed signal deﬁned in (17), for example, will now be
replaced by
Y^ (t, nd ) ¼ Y m (t)S(nd )

(26)

min
h,a

Ls X
L~d
X

jhy y~ i;l  ax~ l z~ ld1

i¼1 l ¼1

i 1
Y

zskþ1,k j2

(27)

k¼0

with the constraint

¼ i(nd )Y m (t)S
¼ i(nd )Y^ (t)

One can see on the previous equation that it is not necessary
to take into account a different mixed, low-pass ﬁltered and
subsampled signal Y^ (t, nd ) for each temporal direction
but to work with Y^ (t) and to apply the correction.
X^ and N^ (t) would be deﬁned in the same way from X m
and N m (t), respectively.
The number of processed blocks, made of subsampled and
low-pass ﬁltered data, Nd =S will be noted N~ d .
Considering the mixed, low-pass ﬁltered and subsampled
signals, the purpose is now to estimate a(t, u, n~ d ) so that
Y^ (t) ¼ a(t, u, n~ d )X^ W (~ss (u)~sTd (~nd )) þ N^ (t)
408
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hy (~xMs M~ d W s~Ms M~ d ) ¼ 1

(21)

(22)

(28)

~

h [ CMs M d is the vector containing the coefﬁcients of the
ﬁlter at the frequency (u, n~ d ) for the considered range cell.

Proposition 1 (Noise APES (NAPES ﬁlter)): The
solution of the optimisation problem (26) under the
constraint (28) is
a ¼ hy g~

(29)

and

h¼

^~ 1 sd
x~ M M~
F
s

d

y ^~ 1 sd
(~xsd
~ M M~
~ d) F x
Ms M
s d

(30)
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spatiotemporal direction

where

g~ ¼
¼

1

Ls X
L~ d
X

k~xLs L~ d k2

i¼1 i¼1

1
k~xLs L~ d k2

^~
F
¼

¼

y~ i;l x~ l z~ (ld 1)

i 1
Y
k¼0

x~ sd
~ Ms M~ d W s~Ms M~ d
~ ¼x
MM
s

zs

kþ1,k

^ xsd ~ )
Y(~
LL

1
k~xLs L~d k2
1
k~xLs L~ d k2

d

and
(31)

s d

2

k~xLs L~ d k ¼
0
@

Ls X
L~ d
X

1

y~ i;l y~ yi;l A  g~ g~ y

j~xl j2

i¼1 i¼1
L~ d
X

j~xl j2

(34)

l ¼1

^Y
^ y  g~ g~ y
Y

x~ sd
~d
Ms M

Ls X
L~ d
X

¼ Ls

i¼1 l ¼1

^~
¼J
 g~ g~ y

(33)

The demonstration is provided in the Appendix.
(32)

is obtained from the reference signal, mixed,
lowpass ﬁltered, subsampled and steered in the desired

5

Application to real data

In [15 – 19] the optimum gaussian detector or adapted
matched ﬁlter is adapted to single data set detection and

Figure 3 LAPES – MLED in the range cell of the target 535 before (a) and after (b) Wiener ﬁltering

Figure 4 LAPES – MLED in the adjacent range cells 534 (a) and 536 (b)
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lead to the maximum likelihood estimation detector
(MLED).
Considering the statistical hypothesis H1 corresponding
to the presence of a target, H0 the statistical hypothesis
corresponding to the presence of residual interference only
and a deﬁned threshold z, we propose to generalise this
approach and to deﬁne the adapted version of the MLED
test to noise-like signals
1

LAPES –MLED ¼

y ^~
j(~xsd
~ j2
~ ) F g
MM
s

d

y ^~
(~xsd
~ d) F
Ms M

1

H1

,
.z

(35)

H
x~ sd
~d 0
Ms M

[2] ZHENG H., LI F., LUO J., LU J.: ‘Bistatic radar experiment
based on FM broadcast transmitter’. Proc. IEEE Radar
Conf., October 2004
[3]

HORNER J., KUBIK K., MOJARRABI B., LONGSTAFF I.D., DONSKOI E.,

CHERNIAKOV M. :

‘Passive bistatic radar sensing with LEOS
based transmitters’. Proc. IGARSS 02, June 2002, vol. 1,
pp. 438– 440
[4] CHERNIAKOV M., ZENG T., PLAKIDIS E.: ‘Galileo signal-based
bistatic system for avalanche prediction’. Proc. IGARSS 03,
July 2003, pp. 784– 786

Table 2 provides the conﬁguration parameters of the detection
of a helicopter using the Eiffel Tower DVB-T emitter.

[5] TAN D.K.P., SUN H., LUI Y., LESTURGIE M. , CHAN H.L.: ‘Passive
radar using global system for mobile communication
signal: theory, implementation and measurements’, Proc.
IEE Radar Sonar Navig., 2005, 152, (3), pp. 116 – 123

The reference signal was received on a dedicated
omnidirectional antenna. Thanks to the sufﬁcient signal to
noise ratio, this signal was demodulated and resynthetised.
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‘Optimum target detection using emitters of opportunity’.
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6

Conclusion

We have shown in this paper how efﬁcient the Wiener
ﬁltering could be in the frame of the rejection of ground
clutter for a bistatic passive radar.
It has also been proved that the APES method could be
generalised to noise-like signal leading to the detection
of a real target even with a low-radar cross-section and
important bistatic range.
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cibles mobiles’, Rev. Electr. Electron., January 2006, 1,
pp. 26– 35
[10] SAINI R., CHERNIAKOV M.: ‘DTV signal ambiguity function
analysis for radar application’, IEE Proc. Radar Sonar
Navig., 2005, 152, (3), pp. 133 – 142
[11] LI J., STOICA P.: ‘An adaptive ﬁltering approach to spectral
estimation and SAR imaging’, IEEE Trans. Signal Process.,
1996, 44, (2), pp. 1469– 1484
[12] STOICA P., LI H., LI J.: ‘A new derivation of the APES ﬁlter’,
IEEE Signal Process. Lett., 1999, 6, pp. 205 – 206
[13] STOICA P., LI H., LI J.: ‘Amplitude estimation of sinusoidal
signals: survey, new results and an application’, IEEE
Trans. Signal Process., 200, (48), pp. 338 – 352
[14] STEIN S.: ‘Algorithms for ambiguity function processing’,
IEEE Trans. Acoust., Speech Signal Process., 1981, 29, (3),
pp. 588– 599

References

[1] MELVIN W.L. : ‘Issues in bistatic STAP’. Proc. 32nd
Southeastern Symp. on System Theory, March 2000,
pp. 17– 21
410
& The Institution of Engineering and Technology 2010

[15] ABOUTANIOS E., MULGREW B.: ‘Assessment of single data set
detection algorithms under template mismatch’. Proc. 2005
IEEE Int. Symp. on Signal Processing and Information
Technology, 2005, pp. 269 – 274
IET Radar Sonar Navig., 2010, Vol. 4, Iss. 3, pp. 403– 411
doi: 10.1049/iet-rsn.2009.0053

www.ietdl.org
[16] ABOUTANIOS E., MULGREW B.: ‘A hybrid STAP approach for
radar target detection in heterogeneous environments’.
14th European Signal Processing Conf. Eusipco 2006,
September 2006
[17] ABOUTANIOS E., MULGREW B.: ‘Evaluation of the single and
two data set STAP detection algorithms using measured
data’. Int. Geoscience and Remote Sensing Symp., July
2007, pp. 494 – 498

Let us note
^~
J
¼

1

Ls X
L~ d
X

k~xLs L~ d k2

i¼1 l¼1

k~xLs L~ d k2 ¼

Ls X
L~ d
X

The mixed, low-pass ﬁltered and subsampled version of
the reference signal x~ , and the parameters Ls , L~ d , Ms and
~ d are deﬁned in Section 4. The vector y~ i;l is also deﬁned
M
in this section in (23).

Proof: Let us consider I (a, h) the quantity to be optimised
under constraint in order to estimate the amplitude of
~
the target a thanks to h [ CMs M d the vector containing
the coefﬁcients of the ﬁlter at the frequency (u, n~ d ) for the
considered range cell
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l1

hy y~ i;l  ax~ l z~ d

i¼1 l ¼1
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 y~ yi;l h  a x~ l z~ d
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y~ i;l y~ yi;l h þ

i¼1 l¼1

zskþ1,k
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Ls X
L~ d
X

Ls X
L~ d
X
i¼1 l ¼1

jaj2 j~xl j2

x~ l z~ (l1)
d

1)
x~ l z~ (l
d

i1
Y

zskþ1,k y~ i;l

k¼0
i1
Y

zskþ1,k y~ yi;l h

k¼0
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(38)

The optimal h must now be evaluated. The new optimisation
problem becomes
^~
min hy Fh

(39)

hy x~ sd
~ ¼1
MM

(40)

^~
^~
F
¼J
 g~ g~ y

(41)

h

under the constraint

s

d

with

This quadratic optimisation problem with a linear equality
constraint can be solved using Lagrange multipliers. The
solution (when it exists) is

i¼1 l¼1

i¼1 l ¼1

a

a ¼ hy g~

!

k¼0

 a hy

is minimal for

zskþ1,k

k¼0
i 1
Y
(l 1)

¼ hy

^~
¼ k~xLs L~ d k2 (hy (J
 g~ g~ y )h þ ja  hy g~ j2 )

i1
Y
jhy y~ i;l  ax~ l z~ ld1
zskþ1,k j2

i¼1 l ¼1

¼

j~xl j2

^~
¼ k~xLs L~ d k2 (hy Jh
þ ja  hy g~ j2  jhy g~ j2 )

Temporal and spatial phase shifts are deﬁned in Section
2.2.

Ls X
L~ d
X

(37)

^~
I (a, h) ¼ k~xLs L~ d k2 hy Jh
þ k~xLs L~ d k2 (jaj2  a hy g~  ag~ y h)

Note: In the following proof the indexi will correspond to
antenna elements and the indexl to samples.

I (a, h) ¼

L~ d
X
l ¼1
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X

j~xl j2

i¼1 l ¼1

¼ Ls

9

(36)

and

[18] ABOUTANIOS E., MULGREW B.: ‘Heterogeneity detection for
hybrid STAP algorithm’. Proc. IEEE Radar Conf., May 2008,
pp. 1 – 4
[19] LIM C., MULGREW B., ABOUTANIOS E.: ‘JDL – STAP for ground
moving target detection’. Proc. IET Conf. on Radar
Systems, October 2007

y~ i;l y~ yi;l

h¼

^~ 1 sd
x~ M M~
F
s

y ^~
(~xsd
~ d) F
Ms M

1

d

(42)

x~ sd
~
MM
s

d

This last equation, in association with (38), provides the
optimal solution.
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